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Scattering of Acoustic and Electromagnetic Waves
by an Airfoil

R. T. Ling* and T. D. Smithf
Northrop Aircraft Division, Hawthorne, California

The finite-difference approach based on the generalized scattering amplitude concept is applied to the
scattering of acoustic and electromagnetic waves by a two-dimensional airfoil. The transformed Helmholtz
equation and associated boundary conditions, in terms of the generalized scattering amplitude, are solved in a
numerically generated, body-fitted, curvilinear coordinate system. These are obtained by grid generation
procedures commonly used for airfoil aerodynamic computations. Numerical results are obtained for normal
incidence of acoustic and electromagnetic waves on a modified NACA 4418 airfoil with a chord length
approximately equal to the wavelength of incident waves. The directivity of the scattered sound pressure
intensity in the far field is presented in the form of bistatic scattering cross sections. Induced surface current of
electromagnetic scattering is also presented. The results of the finite-difference method are in good agreement

with those obtained by the method of moments.

I. Introduction

N recent years, numerical computations of scattering and

diffraction of sound waves by two-dimensional cylindrical
bodies and spheres have been attempted by several investiga-
tors.!”S The scattering phenomena of acoustic and electromag-
netic waves are governed by the wave equation, arising from
fluid conservation equations in acoustic scattering and from
Maxwell’s equations in electromagnetic scattering. A major
difficulty in solving the scattering problem lies in the enforce-
ment of surface boundary conditions for an arbitrarily shaped
obstacle. This difficulty limits the applicability of the eigen-
function expansion method®? to simple obstacle shapes such
as infinite circular cylinders and spheres. Several numerical
schemes®!® have been devised to generate body-fitted, curvi-
linear coordinate systems to alleviate a similar difficulty in
computational fluid dynamics (CFD) problems involving com-
plex aircraft configurations.

An application of grid generation techniques to scatterings
of acoustic and electromagnetic waves by arbitrarily shaped,
two-dimensional cylinders is presented in this paper, using an
airfoil as an example. The capability to align grid points on the
obstacle surface offers great advantages over fixed Cartesian
grids, in either differential or integral equation approaches to
the scattering problem. One type of differential equation for-
mulation that allows the application of grid generation tech-
niques to numerical treatment of scattering problems is based
on the generalized scattering amplitude concept.!5!! This the-
ory has been applied successfully to wave scatterings by in-
finite circular cylinders and spheres.!»>!1:12 The cylindrical and
spherical coordinates used in these example problems are the
natural body-fitted, curvilinear coordinate systems. When the
theory is applied to complex geometry obstacles, numerical
results are obtained by solving the governing equation and
associated boundary conditions in the numerically generated
boundary-fitted, curvilinear coordinate systems. The basis of
this approach is the similarity between fluid dynamics and
electromagnetics problems as boundary value problems in-
volving identical obstacle geometry.!!
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II. Differential Equation Formulation for the
Generalized Scattering Amplitude in
Body-Fitted Coordinates

For the sake of simplicity, the discussion in this section will
be limited to acoustic wave scattering. The correspondence
between two-dimensional acoustic scattering and the equiva-
lent problem of a two-dimensional electromagnetic scattering
will be made in Sec. IV. The problem under consideration is
the scattering of a plane wave, incident normally upon an
infinitely long, airfoil-shaped cylinder, at rest in the fluid
medium in which the sound waves propagate. The schematics
of the scattering problem and coordinate systems are illus-
trated in Figs. | and 2.

The incident sound wave of wavelength A\ and frequency »
propagates in the direction of wave number vector k that lies
on the x-y plane and makes an angle © with the x axis. The
incident plane wave is represented by exp{i(k -r — wt)},
where r is the radius vector on the x-y plane, 1k | = 2x/\ the
wave number, and w = 2x» the angular frequency. The axis of
the airfoil cylinder lies along the z axis. For an inviscid fluid at
rest, the sound pressure and the velocity potential satisfy the
wave equation, which reduces to the Helmholtz equation by
assuming a time-harmonic dependence exp{ — iwt } for all de-
pendent variables.

Based on the generalized scattering amplitude concept, the
total wave ¢, representing either the sound pressure or the
velocity potential throughout the scattering region, can be
written as a superposition of the incident plane wave and the
scattered wave as

¢ = e + f(r, 0)e* /Nkr) 6))

The scattered wave contains the generalized scattering am-
plitude f(r, 8), modulated by an outgoing cylindrical wave. The
transformed Helmholtz equation, in terms of the generalized
scattering amplitude, is given by!
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in the cylindrical coordinate system.

In the finite-difference approach to solving differential
equations and enforcing boundary conditions for a physical
system, it is desirable to have a constant coordinate surface
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coinciding with the physical boundary. This ensures that a set
of grid points falls right on the body surface, eliminating the
need for interpolation of physical variables in satisfying the
body surface boundary condition. Computer codes®!° that au-
tomatically generate the body-fitted coordinate systems have
become commonplace in the last decade, particularly among
aerodynamicists dealing with complex aircraft geometry.
These grid generation codes, which produce grids for the aero-
dynamic computation of an airfoil, also can provide grids for
the computation of acoustic and electromagnetic wave scatter-
ings by an airfoil.

Since most grid generation codes use Cartesian coordinates
for the description of body-fitted grid points in the preliminary
step of physical space definition, the transformed Helmholtz
equation in cylindrical coordinates, as shown in Eq. (2), is first
transformed into Cartesian coordinates and becomes
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Equation (3) then is transformed into the computational space
body-fitted coordinate system (£,7) and becomes

>f >f ’f of of _
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where coefficients 4, B, C, etc., involve components of the
covariant metric tensor of the body-fitted coordinate system.
The coefficient of the cross-derivative term B vanishes where
the body-fitted grids are orthogonal.

The acoustic pressure vanishes on the surface of an acousti-
cally soft airfoil and the normal component of the fluid veloc-
ity vector vanishes on the surface of an acoustically hard air-
foil. Therefore, in the body-fitted coordinate system, the
surface boundary condition for the total wave assumes a sim-
ple Dirichlet condition

#(&m0) =0 (5a)

for an acoustically soft airfoil and a simple Neumann condi-

tion
a_¢>> _
<aﬁ () =1 0 (59

for an acoustically hard airfoil. In Egs. (5a) and (5b), 5 = 5, is
the computational space constant coordinate line that coin-
cides with the airfoil surface profile in the physical space, while
#i(n) is the unit normal vector pointing outward from the airfoil
surface. If the body-fitted grids are orthogonal on the obstacle
surface, the surface boundary condition [Eq. (5b)] reduces to

d¢
— =0
<a’7>n =1, o)

for an acoustically hard airfoil.

The corresponding boundary conditions for the generalized
scattering amplitude in the body-fitted coordinates can be
readily derived using Eq. (1). The surface boundary condition
corresponding to Eq. (5a) retains the Dirichlet form for an
acoustically soft airfoil

SGmo) =2(®) (6a)

where g (£) is a known function of £. Equation (5c) assumes the
form

(B Em0) + B(s)(g—ﬁ + () =0 (6b)
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where «, 8, and vy are known functions of £. If the body-fitted
grids are nonorthogonal on the obstacle surface, the boundary
condition corresponding to Eq. (5b) would contain additional
terms involving derivatives with respect to £. Thus, it would
become somewhat more complicated than Eq. (6b). The radi-
ation condition retains the simple Neumann type

lim /()
n— o0 a,q =0 )
if constant 7 lines become large circles in the far field.

Equations (4), (6), and (7) mathematically define the bound-
ary value problem of sound wave scattering by an arbitrarily
shaped two-dimensional airfoil. The solution of the general-
ized scattering amplitude over the computational space of §
and 5 completely determines the scattered waves in the physical
space. The primary concern of an investigation into a scatter-
ing problem is often the determination of the far-field scatter-
ing amplitudes. The scattering amplitudes in acoustic scatter-
ings provide the information on the directivity of the far-field
scattered sound pressure intensity. In the present formulation,
this information is given by the bistatic acoustic cross sections
defined in Ref. 1.

III. Numerical Results and Discussions

This theory has been applied to the scattering of sound
waves by an airfoil, with solutions obtained by the finite-
difference method described in Ref. 1. The circular cylinder
problem solved in Ref. 1 involves the simplest two-dimen-
sional shape. The cylindrical coordinates used are the natural
body-fitted grids. To ensure accurate and correct working of
the grid generation and solver codes developed to solve Egs.
(4), (6), and (7) for the airfoil scattering problem, these codes
first were applied to the circular cylinder scattering. The nu-
merical results reported in Ref. 1 for both soft and hard cylin-
ders were reproduced.

The geometry and body-fitted grids for the airfoil consid-
ered in this paper are shown in Figs. 3-5. The airfoil profile as
shown in Fig. 3 is a modified NACA 4418 airfoil with the
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Fig. 1 Normal incidence of a plane wave on an airfoil.
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Fig. 2 Airfoil cylinder geometry.
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original trailing edge (last 5% of the chord length) rounded
off. The reason for the modification is to avoid, for the time
being, the uniqueness problem?®-'* in numerical solutions re-
lated to a sharp edge. Let ¢ denote the chord length of the
airfoil. The incident wavelength is chosen so that the dimen-
sionless electrical length k£ of the airfoil is equal to 5.952. As
a consequence, the wavelength is equal to 1.0556¢, slightly
longer than the chord length. The O-type grids shown in Figs.
4 and 5 are generated by an algebraic grid generation
method,!* which also provides the metric tensor for the com-
putation of the coefficients in Eq. (4). For convenience, the
chordwise direction is assumed to lie along the x axis. Grid
points are densely packed near the airfoil surface where large
gradients in the generalized scattering amplitudes are expected.
Since the generalized scattering amplitudes asymptotically ap-
proach their limiting values in the far field, much coarser grids
are used away from the airfoil. The outermost constant 7 line
generated corresponds to a large circle with a radius roughly
equal to 50 chord lengths. For incident wavelengths approx-
imately equal to the chord length, a network of 40 (£) x 52 (4)
grid points is sufficient to resolve the angular variation in
bistatic cross sections. Typical CPU time for grid generation
and computation of bistatic cross sections for such a network
is less than 2 min on an IBM 3081 computer. In order to obtain
somewhat smoother curves, the results presented in this paper
are computed with finer grids, 72 X 72 for the soft airfoil and
96 x 72 for the hard airfoil.

Acoustically Soft Airfoil

The dependence of bistatic acoustic cross sections on polar
angle 6§ for an acoustically soft airfoil with its profile given by
Fig. 3 is shown in Figs. 6 and 7 for incident angles © at 0 and
w, respectively. The bistatic cross sections are plotted in decibel
scales for the dimensionless ratio of the two-dimensional
bistatic cross section over the wavelength. The agreement be-
tween the prediction of the present method and that of the
moment method' (a 90-element solution) is excellent for all
scattering and incident angles.

The moment method refers to a broad class of basis function
projection methods applied to the integral equation represen-
tation of the electromagnetic fields in terms of sources within
and fields on the obstacle surface. The particular method of
moments used for comparison purpose in this paper employs
pulse basis functions, which provide uniform current over
each surface element.

Generally, the basis functions used in a moment method are
nonorthogonal. The resultant moment matrix, which accounts
for the interactions between pairs of surface or volume ele-
ments, has nonzero elements everywhere. As a consequence,
the computer memory requirement for a moment method is at
least N2, where N is the number of unknowns. In contrast to
this, the associated matrix resulted from the present finite-dif-
ference approximation to the transformed Helmholtz equation
is a sparse matrix with nonzero elements along a small number
(approximately 10) of diagonals to account for the interactions
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Fig. 3 Profile of the modified NACA 4418 airfoil.
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between unknowns at a grid point to those at the neighboring
grid points. The computer memory requirement for the finite-
difference method is on the order of 10N,

For a perfectly hard or soft cylinder, the surface integral
equation formulation of the moment method reduces the
problem to an equivalent one-dimensional problem, involving
only the unknowns on the cylinder’s surface. In this special
case, the moment method is somewhat more efficient than the
finite-difference method if the number of unknowns is not too
large. For example, a 90-element moment method takes about
15 s CPU time on a VAX 11/780 machine. The corresponding
run time on an IBM 3081 machine would be about 2 s CPU
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Fig. 4 Near-field grid distribution.

——— Present Computation
~—=Moment Method

8
T )

Normalized Bistatic Acoustic/
Radar Cross Section in dB
o0
R
N o
88

A 1 1 i 1 1 1 1 1. 1 1 1 1 1 J
0 25 50 75 100 125 150 175 200 225 250 275 300 325 350 376
Polar Angle ¢(Degrees)

-7.00

Fig. 6 Bistatic acoustic/radar cross section for the modified NACA
4418 airfoil (A = 1.0556¢, © = 0, soft airfoil, E polarization).
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Fig. 7 Bistatic acoustic/radar cross section for the modified NACA
4418 airfoil (A = 1.0556¢, © = =, soft airfoil, E polarization).
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Fig. 8 Monstatic acoustic/radar cross section for the modified
NACA 4418 airfoil (A = 1.0556¢, soft airfoil, E polarization).
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Fig. 9 Total acoustic/radar cross section for the modified NACA
4418 airfoil (A = 1.0556¢, soft airfoil, E polarization).
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Fig. 10 Bistatic acoustic/radar cross section for the modified NACA
4418 airfoil (A = 1.0556¢, © = 0, hard airfoil, H polarization).

time, substantially faster than a two-dimensional difference
computation. However, due to its full matrix structure, the
advantage of moment methods disappears when higher fre-
quencies or shorter wavelengths are approached. In a volumet-
ric integral equation formulation for imperfectly hard and soft
cylinders, the number of unknowns is roughly equal in both
the moment and finite-difference methods. In these cases, the
moment methods are more computationally intensive and re-
quire more memory storage.
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Fig. 11 Bistatic acoustic/radar cross section for the modified NACA
4418 airfoil (A = 1.0556¢, © = w, hard airfoil, H polarization).
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Fig. 13  Distribution of relative amplitude of surface current density
(A = 1.0556¢, © = x, soft airfoil, E polarization).

At present, the solutions for the generalized scattering am-
plitude are obtained by directly inverting the matrix resulting
from the finite-difference method of Ref. 1. For scattering by
an acoustically soft obstacle, the changes in the Dirichlet-type
boundary condition due to different incident angles do not
alter the matrix to be inverted. Since the elements of the in-
verse matrix are stored in the inversion process, little extra
CPU time is required to obtain solutions for different incident
angles. This property was taken advantage of in obtaining the
monostatic sweep of backscattering cross sections, as illus-
trated in Fig. 8. Except for small differences near incidences
toward the trailing edge, results from the present method can-
not be distinguished from those of the moment method.

Figure 9 shows the total scattering cross sections as the
incident waves sweep around the airfoil. The total cross sec-
tions computed from numerical integration of bistatic cross
sections are compared with those obtained by applications of
the optical theorem. Only a slight deviation occurs near inci-
dences toward the leading edge, where the optical theorem is
off by about 2%.

Acoustically Hard Airfoil

For scatterings by an acoustically hard airfoil, the bistatic
acoustic cross sections are plotted vs polar angles in Figs. 10
and 11 for incident angles © at 0 and «. Close agreement is
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obtained between the results fromi the present method and
those from the moment method.

The application of body-fitted, curvilinear coordinate sys-
tems demonstrated above for two-dimensional acoustic scat-
terings can be readily generalized to three-dimensional (3-D)
acoustic scattering problems.® As in two-dimensional cases,
the acoustically soft and hard cases can be treated separately.

IV. Equivalent Electromagnetic Scattering

For a plane electromagnetic wave normally incident on an
infinitely long, perfectly conducting cylinder, with the incident
electric field parallel to the cylindrical axis (the E-polarization
case), the axial component of the total electric field satisfies
exactly the same governing equation and boundary conditions
as the sound pressure in the sound wave scattering by an acous-
tically soft cylinder. Similarly, the electromagnetic wave scat-
tering, with the incident magnetic field parallel to the cylindri-
cal axis (the H-polarization case), is mathematically equivalent
to the sound scattering by an acoustically hard cylinder. There-
fore, the bistatic acoustic cross sections given in Sec. I1I can be
interpreted as the bistatic radar cross sections of a perfectly
conducting airfoil.

In electromagnetic wave scattering, the electric current in-
duced on the airfoil surface is also of interest. The induced
surface current can be regarded as a source from which the
scattered fields are generated. In the integral equation meth-
ods, such as the method of moments, the surface current den-
sity K = fi X H is the basic unknown to be solved and from
which the scattered fields and bistatic cross sections are to be
computed. In the E-polarization case, the induced surface cur-
rent flows along the cylindrical axis with its complex value

given by
[ e ]
A(n) |y = 4,
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In the H-polarization case, the induced surface current flows
tangentially on the airfoil surface in a direction perpendicular
to the cylindrical axis, with its complex value given by
H,(£,m0), the value of the magnetic field on the airfoil surface.
Chordwise distributions of relative amplitudes of induced sur-
face current densities on the upper and lower airfoil surfaces
for # = 0 and = in the E-polarization case are shown in Figs. 12
and 13. Corresponding results for the H-polarization case are
shown in Figs. 14 and 15.

Electromagnetic wave scattering by arbitrarily shaped three-
dimensional obstacles is governed by the vector wave equation
or the vector Helmholtz equation for electric and magnetic
field vectors. It becomes a scalar problem only in the case of
scatterings by two-dimensional cylindrical bodies, under nor-
mal incidence and appropriate polarization conditions, as dis-
cussed in this paper. However, it is interesting to note that a
three-dimensional electromagnetic scattering problem can be
reduced to two independent scalar scattering problems, in
much the same way that the three-dimensional acoustically
soft and hard scatterings are separated. To achieve this reduc-
tion, it is necessary to formulate the electromagnetic scattering
problem in terms of a pair of scalar Debye potentials.!!-13-17
These satisfy the scalar Helmholtz equation and can be used to
generate the electric and magnetic field vectors. For a perfectly
conducting sphere, the media interface conditions for the two
Debye potentials are identical in form to those for the acoustic
pressure (soft sphere case) and the velocity potential (hard
sphere case) in the corresponding acoustic scattering.™!!

V. Conclusions

The results presented here demonstrate that the difficulty
associated with the enforcement of surface boundary condi-
tions in wave scattering problems due to complex obstacle
geometry can be alleviated by employing the grid generation
techniques developed for computational fluid dynamics
(CFD). Rapid progress in CFD in recent years has provided
many useful tools that can be used for numerical treatment of
wave scattering problems. This paper offers an excellent exam-
ple.
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